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Abstract
In this article, the author analyses distributive and mixed distributive laws
and some of their equivalences through the use of 2-adjunctions of the type
Adj-Mnd.
Expressing distributive laws as monad objects in the 2-category
Mnd(Cat) enables one to make an equivalence, through a 2-adjunction,
between these distributive laws and monad objects in the 2-category
Adj
R
(Cat). These last monad objects thus correspond to monad liftings to
algebras of Eilenberg-Moore. Second, the equivalence between these struc-
tures and a pair consisting of an Eilenberg-Moore lifting and a Kleisli
extension is also analysed. This last result is due to E. Manes and P.
Mulry (2010) and it can be restated with an additional naturality on the
involved monads.
The dual situation, using mixed distributive laws can be analysed too.
The objective of this article is based on the use of 2-adjunctions to anal-
yse classic monad theory in order to provide clarity in the proofs and
naturality on the equivalences.
2010 MSC: 18A40, 18C15, 18C20, 18D05, 18D10, 18D35.
Keywords: Monads, monoidal categories, adjunctions, 2-categories, 2-adjunctions, Kleisli and
Eilenberg-Moore objects.
1 Introduction
In [5], the authors use a pair of 2-adjunctions and applied them to some classical equivalences in
monad theory. The reader should check [4] for the construction of such 2-adjunctions.
∗Contact: avazquez@uiwbajio.mx
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The philosophy in [5] is that of a revision of equivalences and bijections in classical monad the-
ory and analyse them as consequences of higher categorical structures, in this case a 2-adjunction.
At first, this approach might seem more complex than the usual one, but at the expense of an
initial complexity, clarity is gained and not only that but the naturality of the equivalences is
obtained at no cost. Even more, the same context of 2-adjunctions might serve for several appli-
cations.
The most representative example of this kind of application was the revision of the equivalence
of the lifting of a monoidal structure to the category of Eilenberg-Moore algebras in terms of an
opmonoidal monad, according to I. Moerdijk [7]. In that installment, cf.[5], the dual case of the
equivalence between an extension of a monoidal structure over the Kleisli category was analysed
too. The reader is invited to check [9] in order to follow the approach of higher categorical struc-
tures explaining lower structures.
In this small article, one of the authors continues with the philosophy in [5], applying the struc-
ture of 2-adjunctions of the type Adj-Mnd to the case of distributive laws and mixed distributive
laws. Two seemingly distinct approaches are done for each case. The structure of the article goes
as follows.
In Section 2.1, the first revision is done and it has to do with the observation due to R. Street
in [8], that a distributive law can be seen as a monad object in the 2-category of Mnd(Cat).
Therefore, the 2-adjunction of Eilenberg-Moore serves to transport this monad structure to the
2-category of Adj
R
(Cat). That is to say, a lifting of the monad structure on the category of
Eilenberg-Moore algebras. In this revision, only the naturality on one monad for the equivalence
is achived.
In Section 2.2, the second revision is done and it has to do with the equivalence of a distributive
law with a simultaneous lifting to an Eilenberg-Moore category and an extension to a Kleisli cate-
gory. This is done by taking, in a simultaneously manner, two 2-adjunctions, one corresponding to
the Eilenberg-Moore lifting and the other corresponding to the Kleisli extension. In this revision,
the naturality on the two monads for the equivalence is achived.
In Section 3.1, the previous plan is applied to the mixed case. The first revision involves the
point of view for a mixed distributive law as a comonad object in Mnd(Cat) and then traslate
it to the 2-category Adj
R
(Cat) in order to obtain a lifting of the comonad to the category of
Eilenberg-Moore. In this revision, only the naturality on the monad is found.
In Section 3.2, the second approach is done and relies on the equivalence of mixed distribu-
tive law with two simultaneous liftings, one to the category of Eilenberg-Moore algebras for the
monad and the other to the category of Eilenberg-Moore coalgebras for the comonad. In order to
accomplish this, two 2-adjunctions of Eileberg-Moore, of the type Adj-Mnd, have to be handled.
In this revision, the naturality on the monad and comonad for this equivalence is found.
The notation and conventions for this article goes as follows. We take the direction an ad-
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junction as the direction of its corresponding left adjoint functor. We allow ourselves to take the
notation of a monad (S, µS, ηS) on the category C as (C, S, µS, ηS) or (C, S), in a compact form,
where the multiplication and unit are left undestood. While speaking of n-cells, and most of the
time, only the arrow corresponding to the n-1-cells will be written and the r-cells below will be
left understood.
As far as notation is concerned, for the free-forgetful adjunction of the Eilenberg-Moore cat-
egory for the monad (S, µS, ηS), the notation F S ⊣ US : C −→ CS is used. In turn, the Kleisli
adjunction is denotated as DS ⊣ VS : C −→ CS. Given an adjunction L ⊣ R : C −→ D, the unit will
be denoted as ηRL and the counit as εLR. This notation is used for the sake of avoiding multiple
different greek letters to denote units and counits.
In the whole of the present article Cat will stand for the 2-category of small categories, functors
and natural transformations.
An appendex is provided in order to explain, up to a certain detail, the construction of the
2-adjunctions used in this article.
2 Distributive Laws and Monad Objects
We begin this section by giving the definition of a distributive law.
Definition 2.1 A distributive law from the monad (C, S) to the monad (C, T ) is a natural trans-
formation ϕ : ST −→ TS such that the following diagrams commute:
SST STS TSS
ST TS
Sϕ // ϕS //
TµS

µST

ϕ
//
T
ST TS
TηS
❄
❄❄
❄❄
❄❄
❄❄
ηST
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧
ϕ
//
(1)
STT TST TTS
ST TS
ϕT // Tϕ //
µT S

SµT

ϕ
//
S
ST TS
ηT S
❄
❄❄
❄❄
❄❄
❄❄
SηT
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧
ϕ
//
(2)
2.1 Monad Objects
In 1969, J. Beck proved, in [2], that a distributive law is equivalent to a lifting of the monad
structure T on C to a monad structure T̂ on the category of Eilenberg-Moore algebras, namely CS.
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R. Street, in [8], noticed that a distributive law ϕ, from (S, µS, ηS) to (T, µT , ηS), can be seen
as a monad object in Mnd(Cat), with endo 1-cell (T, ϕ) over the object (C, S).
The J. Beck’s equivalence is taken within the context of a 2-adjunction of the type Adj -Mnd,
cf. [4] and [5].
Theorem 2.1.1 There is a bijection between the following structures
1. Lifting monads (T̂ , µT̂ , ηT̂ ), on CS, for (T, µT , ηT ) on C. That is to say, monad objects in
Adj
R
(Cat).
2. Distributive laws from the monad (S, µS, ηS), on C, to the monad (T, µT , ηT ). That is to say,
monad objects in Mnd(Cat) of the form ((C, S), (T, ϕ), µT , ηT ).
This bijection is natural on the monad (S, µS, ηS).
Proof :
Take the 2-adjunction of Eilenberg-Moore ΦE ⊣ ΨE
Adj
R
(Cat)
ΦE
//Mnd(Cat)
ΨEoo
, (3)
From this 2-adjunction, we can get an isomorphism of categories for any pair of objects L ⊣ R
in Adj
R
(Cat) and (Z, T ) in Mnd(Cat)
HomAdjR(L ⊣ R,ΨE(Z, T ))
∼= HomMnd(ΦE(L ⊣ R), (Z, T ))
If in the previous isomorfism we make L ⊣ R = DS ⊣ US y (Z, T ) = (C, S), then
HomAdjR(D
S ⊣ US, DS ⊣ US) ∼= HomMnd((C, S), (C, S)) (4)
This isomorphism takes, for example, 1-cells in Adj
R
(Cat) of the form
C C
CS CS
US
OO
T //
T̂
//
US
OO
to 1-cells in Mnd(Cat) of the form (T, ϕ) : (C, S) −→ (C, S) such that ϕ : ST −→ TS is a natural
transformation making the following diagrams commutative
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SST
Sϕ //
µST

STS
ϕS // TSS
TµS

T
ηST
ww♥♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
TηS
''PP
PP
PP
PP
PP
PP
PP
P
ST ϕ
// TS
Note that the two diagrams were merged into one.
Consider now the following 2-cells in Adj
R
(Cat):
C C
CS CS
µ
µ̂
TT
%%
T
99
DS

US
OO
DS

US
OO
T̂ T̂
&&
T̂
88

 ,
C C
CS CS
η
η̂
1C
%%
T
99
DS

US
OO
DS

US
OO
1
CS
&&
T̂
88

 .
Therefore, the following conditions are fulfilled
USµ̂T = µTUS
US η̂T = ηTUS
Note that the counit of the 2-adjunction εΦΨ, on any 0-cell F S ⊣ US, is the identity (1C, 1CS).
Therefore, the isomorphic image of the 2-cells (µT , µT̂ ) and (ηT , ηT̂ ) is the pair of 2-cells in
Mnd(Cat)
µT : (T, ϕ) · (T, ϕ) −→ (T, ϕ) : (C, S) −→ (C, S),
ηT : (1C, 1S) −→ (T, ϕ) : (C, S) −→ (C, S).
That is to say, they fulfill the commutative of the following diagrams
STT TST TTS
ST TS
ϕT // Tϕ //
µTS

SµT

ϕ
//
5
and
S
ST TS
ηTS
✿
✿✿
✿✿
✿✿
✿✿
✿
SηT
☎☎
☎☎
☎☎
☎☎
☎☎
ϕ
//
In summary, the isomorphic image for a monad
(
(T, T̂ ), (µT , µ̂T ), (ηT , η̂T )
)
, on F S ⊣ US, is(
(C, S), (T, ϕ), µT , ηT
)
. Where, the natural transformation ϕ has the following form
ϕ = USλT = U
SεFU T̂ F S ◦ USF STηUF . (5)
according to the construction of the 2-functor ΦE, see Appendex.
Due to the isomorphism of categories given by (4), the previous bijection is natural on the
monad (C, S, µS, ηS).

Note that any 2-functor sends any monad object to a monad object, but the equivalence found
here is a particular one.
2.2 Combining Eilenberg-Moore liftings and Kleisli Extensions
The naturality on both monads can be finally stablished but with the addition of a second 2-
adjunction. In order to do so, consider the following theorem due to E. Manes & P. Mulry, [6].
Theorem 2.2.1 Given the following monads (S, µS, ηS) & (T, µT , ηT ) on C. A natural transfor-
mation ϕ : ST −→ TS is a distributive law from S to T iff classifies both as a lifting of Eilenberg-
Moore, for the endofunctor T , and as a Kleisli Extension, for the endofunctor S, according to the
following diagrams
C C
CS CS
US
OO
T //
T̂
//
US
OO C C
CT CT
DT

S //
S˜
//
DT

(6)
Proof :
Half of the proof has been given, that is to say, there is a bijective correspondence between
liftings of the form (T, T̂ ) : F S ⊣ US −→ F S ⊣ US and morphisms of monads of the form
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(T, ϕ) : (C, S) −→ (C, S).
In order to establish a similar bijective correspondence, natural in the monad (C, T, µT , ηT ),
another 2-adjunction of the type Adj-Mnd has to be considered, cf. [4] and [5]. The so-called
Kleisli 2-adjunction:
Mnd•(Cat)
ΨK
//Adj
L
(Cat)
ΦKoo
,
The construction of such a 2-adjunction is described in the Appendex.
Due to the 2-adjunction, there exist the following isomorphism of categories, natural on the
monad (C, T ), in Mnd•(Cat), and on the adjunction DT ⊣ VT , in AdjL(Cat),
HomMnd•((C, T ),ΦK(DT ⊣ VT )) ∼= HomAdjL(ΨK(C, T ), DT ⊣ VT )
It is an isomorphism of the form
HomMnd•((C, T ), (C, T )) ∼= HomAdjL(DT ⊣ VT , DT ⊣ VT )
Therefore, extensions to the Kleisli Category CT , that is to say, objects in the category
HomAdjL(DT ⊣ VT , DT ⊣ VT ),
C C
CT CT
DT

S //
S˜
//
DT

are in bijection with natural transformations ϕ : ST −→ TS such that the following diagrams
commute
STT
ϕT //
SµT

TST
Tϕ // TTS
µTS

S
SηT
vv♥♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
ηT S
((PP
PP
PP
PP
PP
PP
PP
P
ST ϕ
// TS
These commutative diagrams are precisely the ones in (2) completing a distributive law from
S to T .
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The only thing that has to be taken into account is the following. If one starts from a lifting
over the Eilenberg-Moore category and an extension over the Kleisli category, the induced natural
transformation ϕ : ST −→ TS have to be the same. This requirement can be achived by asking
the following equality to hold
USλT = ρSDT ,
where λT is the mate of the first commutative diagram in (6) and ρT is the mate of the second
commutative diagram.
The previous requirement can be expressed also by
ΦE(T, T̂ , λT ) = ΨK(S, S˜, ρS)

At this point Theorem 2.2.1 can be restated with an additional naturality on the monads
(S, µS, ηS) and (T, µT , ηT ) on C.
3 Mixed Distributive Laws
The previous procedure can be applied to the case of mixed distributive laws.
Definition 3.1 A mixed distributive law from the monad (S, µS, ηS) to the comonad (G, δG, εG),
on C, is a natural transformation ψ : SG −→ GS such that the following diagrams commute
SSG SGS GSS
SG GS
Sψ // ψS //
GµS

µSG

ψ
//
G
SG GS
GηS
✿
✿✿
✿✿
✿✿
✿✿
✿
ηSG
☎☎
☎☎
☎☎
☎☎
☎☎
ψ
//
(7)
SGG GSG GGS
SG GS
ψG // Gψ //
δGS
OO
SδG
OO
ψ
//
S
SG GS
εGS
\\✿✿✿✿✿✿✿✿✿✿
SεG
BB☎☎☎☎☎☎☎☎☎☎
ψ
//
(8)
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3.1 Comonad Objects
In the same way as we did for the case of monads objects in Section 2.1.
Theorem 3.1.1 There is bijection between the following structures:
1. Mixed distributive laws from the monad (S, µS, ηS), on C, to the comonad (G, δG, εG). That
is to say, comonad objects in Mnd(Cat).
2. Lifted comonads (Ĝ, δĜ, εĜ), on CS, for (G, δG, εG) on C. That is to say, comonad objects in
Adj
R
(Cat).
This bijection is natural on the monad (S, µS, ηS), on C.

3.2 Combining Eilenberg-Moore liftings of algebras and coalgebras
A similar theorem for mixed distributive laws can be stated that involve equivalences of certain
structures. In the following case through a pair of Eilenberg-Moore liftings.
Theorem 3.2.1 Given the monad (S, µS, ηS) and the comonad (G, δG, εG) on C. A natural trans-
formation ψ : SG −→ GS is a mixed distributive law from S to G iff the endofunctors classify
both as Eilenberg-Moore liftings:
C C
CS CS
US
OO
G //
Ĝ
//
US
OO C
G CG
C C
UG

Ŝ //
S
//
UG

(9)
Note the change of direction for the Eilenberg-Moore coalgebra lifting. This is due to the
convention of taking the direction of the left adjoint functor.
Proof :
The structure of the proof can be stablished as follows. First, we relate the diagrams in (7)
with the lifting (9). Second, we relate the diagrams in (8) with the second lifting diagram in (9).
The first part was already done in the proof of 2.1.1 just change the endofunctor T by G.
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For the second part, we have to consider another 2-adjunction, that of Eilenberg-Moore for
comonads. To begin with, we take the co-opossite 2-category Catco. We note the following
isomorphisms
Adj
R
(Catco) ∼= AdjL(Cat) , Mnd(Cat
co) ∼= CoMnd(Cat)
If the 2-category CoMnd(Cat) admits the construction of algebras then the following 2-
adjunction can be constructed
Adj
L
(Cat)
~ΦE
// CoMnd(Cat)
~ΨEoo
,
From this 2-adjunction, and for the 0-cells L ⊣ R in AdjL(Cat) and (Z, G) comonad in
CoMnd(Cat), there exist a natural isomorphism
HomAdjL(L ⊣ R,
~ΨE(Z, G)) ∼= HomCoMnd(~ΦE(L ⊣ R), (Z, G))
In particular, if L ⊣ R = UG ⊣ DG, the Eileberg-Moore adjunction for the corresponding
comonad, and Z = C
HomAdjL(U
G ⊣ DG, UG ⊣ DG) ∼= HomCoMnd((C, G), (C, G))
Therefore, there is a bijective correspondence between objects in the category HomAdjL(U
G ⊣
DG, UG ⊣ DG), that is to say, liftings to the Eilenberg-Moore category of coalgebras as in (9) and
objects in the category HomCoMnd((C, G), (C, G)), that is to say, pairs of commutative diagrams
as in (8).
Finally, we have to consider the compatibility of the following image for the pair of 2-adjunctions
ΦE(G, Ĝ, λG) = ~ΦE(S, Ŝ, ρS)
or
USλG = U
GρS
Note that ρS is the mate of the second commutative natural transformation in (9).
The previous equivalence is natural on the monad (C, S, µS, ηS) and on the comonad (C, G, δG, εG).

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4 Formal set up
All the discussion can be taken into the the formal set up without any trouble, that is to say, a
general 2-category A can be considered with the requirement that it, and its duals Aop and Aco,
accepts the construction of algebras. The reader is compelled to check [5] for the construction of
the Kleisli 2-adjunction in this general set up (A and Aop) and to check [8] for what involves for
the 2-category A, and its duals, to accept the construction of algebras. This last reference provides
also the necessary subjacent calculations for the construction of the Eilenberg-Moore 2-adjunction
for a general 2-category A.
5 Epilogue
The 2-adjunction of Eileberg-Moore can be used also in the context of monoidal categories as
follows. Let
(
(S, ψS), µS, ηS
)
be a opmonoidal monad on the monoidal category (C,⊗, I). In
2002, I. Moerdijk induced a monoidal structure on the category of Eilenberg-Moore algebras, CS,
for such an opmonoidal monad, cf. [7]. In 2010, M. Zawadoski proved that the 2-category of
opmonoidal monads accepts the construction of algebras, cf. [9]. The Eilenberg-Moore object for
an opmonoidal monad is precisely the induced monoidal structure of I. Moerdijk, therefore the
following 2-adjunction can be constructed
Adj
R
(OpMon(Cat))
ΦE
//Mnd(OpMon(Cat))
ΨEoo
, (10)
Note that the notation for this 2-category, OpMon(Cat), is different from the one in [9],
namely Monop(Cat).
Therefore for a 0-cell AdjR(OpMon(Cat)), i.e. an opmonoidal adjunction (L, τ
L) ⊣ (R, τR),
cf. [3], for the precise details; and for a 0-cell in Mnd(OpMon(Cat)),
(
(C,⊗), (S, ψS), µS, ηS
)
, an
opmonoidal monad, there is an isomorphism of categories as follows:
HomAdjR(OpMon(Cat))
(
(L, τL) ⊣ (R, τR) , ΨE
(
(C,⊗), (S, ψS), µS, ηS
))
∼=
HomMnd(OpMon(Cat))
(
ΦE
(
(L, τL) ⊣ (R, τR)
)
, ((C,⊗), (S, ψS), µS, ηS))
)
This isomorphism may help to set up a 2-categorical approach in the characterization of Hopf
monads using opmonoidal adjunctions, cf. [1] and [3].
6 Discussion
In [2], the author Jon Beck did find another equivalence for the characterisation of distributive
laws in terms of the product monad. The author of this article did not get this other equivalence
in terms of the 2-adjunction. This might use other properties of the 2-adjunction.
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The author consider that the present approach is very good to check classical results in monad
theory due to the fact that adds clarity to the proofs. On the account of some complexity, at
the beginning, the explanations are smoother and the applications can be several. Note that the
same 2-adjunction can be reused to produce different equivalences against a usual proof where the
procedure might not be reused in an straightforward way.
7 Conclusions and Future Work
These examples can be added to the list started in [5], which accounts for the applicability of this
procedure.
As fas as the future work is concerned, it remains to explore the 2-adjunction in order to get
the equivalence for the product monad.
Finally, the author encourages the readers to get other examples that fit into this context in
order to understand what the higher category theory remains to say about classical monad theory
or to get examples in category theory, logic or functional programming where the 2-adjunction
context can be applied.
8 Appendex
In this appendex, we list the three 2-adjunctions that took a role in this article, with a two-fold
purpose. First, the purpose to have them at hand in case someone wants to apply them. Second,
to explain its use within this article but without interfering to the continuity of the reading.
The Eilenberg-Moore 2-adjunction for monads
The Eilenberg-Moore adjunction for monads
Adj
R
(Cat)
ΦE
//Mnd(Cat)
ΨEoo
, (11)
is comprised of several structures. To begin with, the 2-category Adj
R
(Cat) with the following
n-cells
1. 0-cells are adjunctions L ⊣ R : C −→ X and L ⊣ R : D −→ Y .
2. 1-cells are pairs of functors and a natural transformation (J,K, λ) : L ⊣ R −→ L ⊣ R.
Where J : C −→ D and K : X −→ Y and the square involving the right adjoint funtors
commute, KR = RJ , hence the name after this commutativity. The natural transformation
λ corresponds to the mate of the commutative diagram.
3. 2-cells are pairs of natural transformations (α, β) : (J,K, λ) −→ (J ′, K ′, λ′) : L ⊣ R −→ L ⊣
R, α : J −→ J ′ and β : K −→ K ′, such that they fulfill one of the following equivalent
conditions
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(a) βL ◦ λ = λ′ ◦ Lα.
(b) Rβ = αR.
The compositions and units are the obvious ones.
The 2-category Mnd(Cat) is comprised of the following
1. The 0-cells are monads (C, S, µS, ηS).
2. The 1-cells are pairs (P, ϕ) : (C, S) −→ (D, T ), where P : C −→ D is a functor and
ϕ : TP −→ PS a natural transformation such that
PµS ◦ ϕS ◦ Tϕ=ϕ ◦ µTP
PηS=ϕ ◦ ηTP
3. The 2-cells are natural transformations θ : (P, ϕP) −→ (Q,ϕQ), such that
ϕQ ◦ Tθ = θS ◦ ϕP
The composition and the units are the obvious ones.
The left 2-functor ΦE acts on n-cells as follows:
1. On 0-cells, ΦE(L ⊣ R) = (C, RL,Rε
LRL, ηRL), i.e. the induced monad.
2. On 1-cells, ΦE(J,K, λ) = (J,Rλ) : (C, RL) −→ (D, RL).
3. On 2-cells, ΦE(α, β) = α
The right 2-functor ΨE acts on n-cells as follows:
1. On 0-cells, ΨE(C, S) = F
S ⊣ US : C −→ CS, i.e. the Eilenberg-Moore adjunction, hence the
name of the 2-adjunction after this action.
2. On 1-cells, ΨE(P, ϕ
P) = (P, P ϕ, λP ) : F S ⊣ US −→ F T ⊣ UT .
The functor P ϕ acts on objects as: P ϕ(N,χN) = (PN, PχN · ϕ
PN) and the natural trans-
formation λP is the mate of the commutation UTP ϕ = PUS, that is to say
λP = εFU
T
P ϕF S ◦ F TPηUF
S
(12)
3. On 2-cells, ΨE(θ) = (θ, θ
ϕ), where UTθϕ(N,χN) = θN .
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The unit of the 2-adjunction, ηΨΦE : 1AdjR(Cat) −→ ΨEΦE, has to act on 0-cells, L ⊣ R as
follows
ηΨΦE(L ⊣ R) = L ⊣ R −→ F RL ⊣ URL, (13)
therefore the component definition is ηΨΦE(L ⊣ R) = (1C, K
RL, λL⊣R), where KRL : X −→ CRL is
the comparison functor and λL⊣R is the corresponding mate, which also commutes.
The counit of the 2-adjunction, εΦΨE : ΦEΨE −→ 1Mnd(Cat), has to act on 0-cells, (C, S), as
follows
εΦΨE(C, S) : (C, S) −→ (C, S) (14)
therefore, the component is defined as the identity εΦΨE(C, S) = (1C, 1S).
The Kleisli 2-adjunction for monads
Mnd•(Cat)
ΨK
//Adj
L
(Cat)
ΦKoo
,
where Mnd•(Cat) ∼=Mnd(Catop). Note the change of direction of the 2-adjunction.
The 2-category Mnd•(Cat) is comprised of the following n-cells
1. The 0-cells are monads (C, S).
2. The 1-cells are pairs (P, ψ) : (C, S) −→ (D, T ), where P : C −→ D is a functor and
ψ : PS −→ TP is natural transformation such that the following requirements are fulfilled
(a) µTP ◦ Tψ ◦ ψS = ψ ◦ PµS.
(b) ηTP = ψ ◦ PηS.
3. The 2-cells ϑ : (P, ψP) −→ (Q,ψQ) : (C, S) −→ (D, T ) are natural transformations ϑ : P −→
Q : C −→ D such that
Tϑ ◦ ψP = ψQ ◦ ϑS
The 2-category Adj
L
(Cat) differs from Adj
R
(Cat) changing the commutativity of the right
adjoints for the left adjoints.
The left 2-adjunction ΨK acts on n-cells as follows:
1. On 0-cells, ΨK(C, S) = D
S ⊣ V S : C −→ CS, i.e. the Kleisli adjunction.
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2. On 1-cells, ΨK(P, ψ
P ) = (P, Pψ, ρ
P ) : DS ⊣ V S −→ DT ⊣ V T .
The functor Pψ : CS −→ DT acts on objects as Pψ(X) = PX and over morphisms, y
♯ :
X −→ Y in CS, as Pψ(y
♯) = (ψY · Py)♯ which makes the corresponding left adjoint square
commuting and ρP is the mate for this commutative diagram.
3. On 2-cells, ϑ : (P, ψP) −→ (Q,ψQ), ΨK(ϑ) = (ϑ, ϑ
ψ), where the components of the natural
transformation ϑψ on objects, X in CS, is
ϑψ(X) = (ηTQX · ϑX)♯
The right adjoint ΦK only differs from the 2-functor ΦE on how they act on the 1-cells
ΦK(J,K, ρ) = (J, ρL).
The unit for the 2-adjunction ηΦΨK : 1Mnd•(Cat) −→ ΦKΨK has to act on 0-cells, (C, S), as
follows
ηΦΨK (C, S) : (C, S) −→ (C, S)
therefore, the component of the unit is defined as the identity ηΦΨK (C, S) = (1C, 1S).
The counit of the 2-adjunction εΨΦK : ΨKΦK −→ 1AdjL has to act on 0-cells L ⊣ R, as follows
εΨΦK(L ⊣ R) : DRL ⊣ VRL −→ L ⊣ R
therefore εΨΦK(L ⊣ R) = (1C, KRL, ρ
L⊣R), where the funtor KRL is the Kleisli comparison functor.
The Eilenberg-Moore 2-adjunction for Comonads
The Eilenberg-Moore 2-adjunction for comonads
Adj
L
(Cat)
~ΦE
// CoMnd(Cat)
~ΨEoo
,
where
Mnd(Catco) ∼= CoMnd(Cat),
is comprised of the following structure.
The 2-category of comonads CoMnd(Cat) whose n-cells are given as follows
1. The 0-cells are comonads (X , G, δG, εG).
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2. The 1-cells are pairs (P, π) : (X , G) −→ (Y , H), where P : X −→ Y is a functor and
π : PG −→ HP is a natural transformation such that
δHP ◦ π=Hπ ◦ πG ◦ PδG
εHP ◦ π=PεG
3. The 2-cells are natural transformations ϑ : (P, πP) −→ (Q, πQ), where ϑ : P −→ Q and it
fulfills the following equation
Hϑ ◦ πP = πQ ◦ ϑG
The compositions and units are the ones inherited from Cat.
The left 2-functor ~ΦE acts on n-cells as follows
1. On 0-cells, L ⊣ R, ~ΦE(L ⊣ R) = (X , LR, Lη
RLR, εLR), i.e. the induced comonad by the
adjunction.
2. On 1-cells, ~ΦE(J,K, ρ) = (K,Lρ) : (X , LR) −→ (Y , LR).
3. On 2-cells, (α, β) : (J,K, ρ) −→ (J ′, K ′, ρ′), ~ΦE(α, β) = β : K −→ K
′.
The right 2-functor ~ΨE acts on n-cells as follows
1. On 0-cells, (X , G), ~ΨE(X , G) = U
G ⊣ FG : X G −→ X , where X G is the category of Eilenberg-
Moore coalgebras and the adjunction UG ⊣ FG is the usual one.
2. On 1-cells, (P, π) : (X , G) −→ (Y , H), ~ΨE(P, π) = (P
π, P, ρP) : UG ⊣ FG −→ UH ⊣ FH. The
functor P π : X G −→ YH is defined over coalgebras (N, ξN), as P
π(N, ξN) = (PN, πN ·PξN).
This functor makes the left square commutative and ρP is the corresponding mate.
3. On 2-cells, ϑ : (P, πP ) −→ (Q, πQ), ~ΨE(ϑ) = (ϑ
π, ϑ), where the component, at (N, ξN), of
the natural transformation ϑπ is the following
ϑπ(N, ξN) = ϑN
The unit of the 2-adjunction η
~Ψ~ΦE : 1AdjL(Cat) −→
~Ψ~ΦE has to act on 0-cells, L ⊣ R, as follows
η
~Ψ~ΦE(L ⊣ R) : L ⊣ R −→ ULR ⊣ F LR
therefore the component of the unit is defined as η
~Ψ~ΦE(L ⊣ R) = (KLR, 1X , ρ
L⊣R), where KLR is
the comparison functor for the comonad LR.
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The counit of the 2-adjunction ε
~Φ~ΨE : ~ΦE~ΨE −→ 1Mnd(Cat) acts on 0-cells, (X , G), as follows
ε
~Φ~ΨE(X , G) : (X , G) −→ (X , G)
therefore the component of the counit is the identity in any 0-cell, that is to say, ε
~Φ~ΨE(X , G) =
(1X , 1G).
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